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TRASANA MEMORANDUM 3-77

STOCHASTIC DUELS WITH DISPLACEMENTS (SUPPRESSION)’

• BY

G. TREVOR WILLIAMS2

ABSTRACT

The stochastic due l is extended to include the possibility of a near-miss
on each round f i r e d , which causes the opponent to displace . During dis-
placem ent , the dis placing contestant cannot return the fire but is still
a target for his opponent. An alternative interpretation of this model
is to consider the dis placement time as the time a contestant’ s f ire is
suppressed by his opponent ’ s fire and that he does not move but me rely
ceases fi re temporarily . All times are exponentiall y distributed.

1Edit~d by C.J . ,i.’:c ~cr , J.~ _~ ‘o”: ~~~~~ ~:q~r~ ~cd 1 ~ ~~~~~ c~~~~cr.
2Pr of~c~or of S~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~ o ’ 
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Some earlier work has cons idered mobility by incorporating vary ing projec-
tile time of fl ight , [1] and [2], or by vary ing hit probabil ity , [3], [43,
and [5]. Some very simple models where the contestan ts displace upon
receiving a near-miss are provided in [6], [7], an d [8]. In this paper ,
we consider a more genera l situa tion of the latte r type .

NOTE : The nwnbers in bracke ts p er tain to the references listed at the end
of  the pc ç ’er.

In general , most earlier studies of stochast ic duels have not considered
an interact ion between the two contestants , A and B. That is to say , the
same results would have been effected if each fired separately at his own
target in two di fferent localities and they subsequently compared their
times to score a kill , having previously agreed that the quicker of the
two would be the winner. We shall now consider a due l where A ’s behavior
is contingent upon B ’s, and vice versa.

We assume , as usual , that both duelists beg in to load and fire simulta-
neously , but we now add the possibility that one or the other may score
a near-miss , the effect of which on a duelist is to make him move to a

• new fi ring position . We may imagine that if he did not move , he woul d
imediately be killed since his opponent has now gotten his range. During
his disp lacement time , he is subject to fi re from his opponent but cannot
return it . We assume that the probabilities of a near -miss and a kill
are the same from round to round and that once a duelist has dis placed
because of a near-miss , he proceeds to load and fire as before . His dis-
placement and firing times are random variables whose probability density
functions are known and are not necessarily the same .

An al ternate interpretation that may he useful is as follows : Uoon receiv-
ing a near-miss , the due l i st merely seeks cover i n h i s present position an d
ceases fi re for a period of time equal to the correspon di ng d i sp lacemen t
time , i.e., mere ly interpret displacement time as fire-suppression time ,
and the model is a fire-suppression model as it stands .

Our first step is to eliminate from conside-at i on all complete misses on
both sides . We are thus left wi th a series of near-misses that form , so
to speak , a succession of turning points on which the duel h i nges . It does
not matte r which of the duelists sco res a near-miss since it still inter-
rupts the course of the due l . We thus make a list of when the near-misses
occurred and who scored them . Ultimately, the due l ends on a near-m i ss
which was actually a kill.
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We introduce the followin g notation . Let

~AA 
= the conditional probability that A scores the

next near-miss given that A scored the last one
( 1)

~AB 
= the conditional probability that B scores the

next near-m iss given that A scored the last one

and similarly for 
~BA 

and 
~BB• 

Then , we plainly have

~AA 
+ 
~AB 

= 

~BA 
+ 
~BB 

= 1 . (2)

Next , let

= the uncondi ti onal probability that A scores a (3)near-miss on any round

kA = the condi ti onal probability that A scores a kill (4)given a near-miss

that is , on any near-miss , a kill may or may not have occurred , and

kApA 
= the joint probability of a near-miss and a kill
or just simply a kill

Also , let

= 1 - 
~A 

= the probability that A misses enti rely (6)on any roun d

and

= 1 — kA 
= the c o n d i t i o n a l  probabili ty that A does (7)not score a kill given a near-miss

Of course , there is an identical set of notation for B . We further
let

~OA 
= the probability that A scores the fi rst near-miss

(8)

the probahili Ly that B scores the f irs t near-miss

so that

~OA + = 1 (9)

3
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and we call

1’n (A) 
= the probabilit y that A kills, for the

fi rst time , on near-m iss n umbe r n
(10)

P,~ (B) = the probability that B kills , for the
fi rst ti me , on near-miss num ber n

Then , the probability , P(A), that A wins the duel is

P(A) = >i P~ (A)

and similarl y for B (11)

P(B) = > P ~(B)

also , P(A) + P(B) = 1.

Clearly, when n = 1 , we have

• P 1 (A ) = POAkA and P1 (B) = POBkB (12)

Now , the probabi lity that A scored a near-miss on round n-l but did not
1

kill is given by 
~~~~~ 

P 1 (A) since P 1 (A) includes a factor kA for the
A n n

kill on round n-i , which factor mus t be replace d by 1A if there was no
kill . Thus ,

= 
k4PAA ~~~ 

P 1 (A) + 
~BA 1ZJ 

P 1 (B)J (13)

provides the two near-miss situations on a given round that can lead to
a kill by A on the next round. Hence ,

Pn(A) ~ ~~ ~n-l~~~ 
+ 1B 2BA ~~ 

Pn 1 (B) (14)
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and similarly,

L P~ (B) = lB ~BB 
P 1 (B) + 1A ~AB ~~

P 1 (A) (15)

Summin g both sides of these simultaneous difference equations from 2 to
and mak ing use of Equati ons (11) and (12), we find that

P(A) - pOAkA 1A ~M 
P(A) + 1B ~BA ~~ 

P(B) (16)

and

P(B) - 
~OB 

k8 
= 1B ~BB 

P(B) + 1A ~AB ~~~
P(A). (17)

When we solve these two equations simultaneously for P(A) , we o b t a i n

k (p k + 1  p )
k 1 k -~ i~~~~~k (18)
B A~~AA B B~~BA A

wi th a corresponding expression for P(B). By using Notati ons (1), (2),
and (7), it is eas ily shown that the denominato rs of P (A) and P(B) are
equal .

Now , adding the numerator of P(A) to that of P(B), we f i n d

kA kB ~OA 
+ kA 1B ~BA 

+ kA kB ~OB 
+ k~ Z A ~AB

wh i ch , by usin g Equations (2) and (9), is equal to

kA kB + kA 1B ~E3A 
+ k~ 1A 

- 

~B A ~AA

And now , using Equation (7), this is equal to

kB + kA 1B ~DA 
- kB 1A ~M

which is equal to the common denominato r of ~ ( T . )  dr d ~~L). . .~~

that P(A) + 1’(B) = 1.

Now , assume that A ’s firing tine is exponeriti ~ I 1 ,’ dis~ r i f r j t t d  ~.- i can l/r1
(rA is A ’s rate of fi re), and his d is p lace ’~i r r r t  ir~e is al~ o an l > ~~

( en t i a1
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wi th mean and similarly for B. Then , by exact l y the same reason ing
as used in the fundamental duel , Reference [9], to arr i ve at t he f i rst
k i l l , the probability that A makes the firs t near-miss , 

~QA’ 
is

pArA
~0A + r (19)

A A  B B

Also , from flotation (1),

~AA = PET A < TB + (20)

where

TA 
= random vari able time between A’ s near-misses

TB = time between B ’s near-misses

DB 
= B’ s time to displace

This expression accounts for the fact that after A scores a near-m iss , he
proceeds to f i re  again , whereas B must first displace and then fi re. And ,
as we have already seen , when the probability of the event (near-miss) is

~A 
and the f i r ing time is ex ponent i a l  w i t h  mean l /rA , then the t i me to

score a near-m iss is exponentially distributed wi th mean l/PA I A . Again ,

we may use the of the fundamental duel to obtain this probability 
~~~~

by noting that the characteristic function of TB + DB is sim p ly the
product of their individual chatacteristic functions. Hence ,

p p r  p r  duA A  LJ~ — ( 21)
2 v1iJ 

~~A~
’A + l - U)( p B~’B - iu)(l -

L

and us i ng res idue theor y, we have

pArA (l +_pArA~~B_+ 
(22)

~AA (P A rA + pBrB ) (1 + P A rA ~~

6
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and s im ilarly,

~BA = 

(PArA + p8r8)(1 ÷ p8r8 ~~ 

(23)

When we subst itute these results into Equa ti on (18) , we obtain after a
l i t t l e  al gebra -

kApArA C I + pArA ~B~~
1 + kBpBrB ~~P (A ) - 

kApArA (l + pA rA 6s)(1 + k8~~r8 ~) + k6p8r6(1 + p8r8 6A )(I + kA pA rA OB ) 
• (24)

I t is interesting to note that if = k8 = 1, then all near-misses are
really k i l l s , and Equation (24) reduces to the solution for the fundamenta l
duel wi th exponential firing times , Reference [9], an d the same r e su l t
occurs if  

~A 
6B 

= o (zero displacement) , as it should.
The expression in Equation (24) is unwieldy since it contains ei ght para-
me ters. If we define

pBrB ~B

• 
PA = p ArA~~A

D

then Equation (24) becomes

I J k  P (D + k  P ) ( l + o p )
P(A) 

kA D ~A~° 
+ kB PB ) ( l  + D 

~~ 
+ k& P~ (o + + ~ ~~ 

(2u)

which reduces the parameters to only five .

7
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